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1 Introduction 



In 1968, Milnor conjectured that a complete noncompact manifold, M n , 
with nonnegative Ricci curvature has a finitely generated fundamental group 
[Mi]. This was proven for a manifold with nonnegative sectional curvature by 
Cheeger and Gromoll [ChGll]. However, it remains an open problem even for 
manifolds with strictly positive Ricci curvature. 

The conjecture is of particular interest because, if it is true, then by work 
of Cheeger-Gromoll, Milnor and Gromov, the fundamental group is almost 
nilpotent [ChG12] [Mi] [Gr]. On the other hand, given any finitely generated 
torsion free nilpotent group, Wei has constructed an example of a manifold 
with positive Ricci curvature that has the given group as a fundamental group 



Schoen and Yau have proven the conjecture in dimension 3 for manifolds 
with strictly positive Ricci curvature [SchYau]. In fact they have proven that 
such a manifold is diffeomorphic to Euclidean space. 

Anderson and Li have each proven that if a manifold with nonnegative 
Ricci curvature has Euclidean volume growth, then the fundamental group is 
actually finite [And] [Li] . Anderson uses volume comparison arguements while 
Li uses the heat equation to prove this theorem. 

Abresch and Gromoll have proven that manifolds with small diameter 
growth, (o(r 1 /™)), nonnegative Ricci curvature and sectional curvature bounded 
away from negative infinity have finite topological type [AbrGrl, Thm A]. Thus 
the fundamental group is finitely generated in such manifolds. Their theorem 
is proven using an inequality refered to as the Excess Theorem, [AbrGrl, Prop. 
2.3], which is a crucial ingredient in this paper as well. 

Abresch and Gromoll have also proven that a manifold with nonnegative 
Ricci curvature has linear almost intrinsic diameter growth [AbrGrl, Prop 
1.1]. That is, given any e > 0, there exists an explicit constant, C(s,n), 
such that given any p and q in dB XQ (r) joined by a curve in the annulus, 
Ann Xo (r — er,r + er), if a is the shortest such curve then L(c) < C(e,n)r. 
This proposition is proven using volume comparison arguements. 

In this paper we prove that a manifold with small linear diameter growth 
has a finitely generated fundamental group. 

Theorem 1 There exists a universal constant, 



[Wei]. 




(1) 
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such that if M n is complete and noncompact with non-negative Ricci curvature 
and has small linear diameter growth, 

,. diam(dB„(r)) . „ 

hmsup — < AS n , 

r— »oo T 

then it has a finitely generated fundamental group. 

Note that unlike the theorem of Abresch and Gromoll we only control the 
fundamental group. However, we do not require a lower sectional curvature 
bound and the requisite diameter control is much weaker. 



We also prove a more general theorem, Theorem 10, If M n has nonnegative 
Ricci curvature and an infinitely generated fundamental group then it has a 
tangent cone at infinity which is not polar. Currently it is not known whether a 
manifold with nonnegative Ricci curvature can have a tangent cone at infinity 
which is not polar [ChCo]. 

The definitions of tangent cone and polar length spaces are reviewed in 
Section 5 [Defn ||, Defn || along with the precise statement of Theorem 
The precise statement involves the universal constant, S n , defined in (|I]). 

Note that if M n has Euclidean volume growth then by Cheeger and Colding, 
[ChCol], its tangent cones at infinity have poles, and thus M n has a finitely 
generated fundamental group. However, in this case, Anderson and Li have 
each proven that the fundamental group is actually finite. [And, Cor 1.5], [Li]. 

On the other hand, if M n has linear volume growth then by [So], its diam- 
eter growth is sublinear and its tangent cone at infinity is [0, oo) or (— oo, oo), 
thus we have the following corollary of either theorem. 

Corollary 2 If M n is complete with nonnegative Ricci curvature and linear 
volume growth then it has a finitely generated fundamental group. 

The proofs of both Theorem [j] and Theorem |l(] are based on two main 
lemmas. 

The Halfway Lemma, [Lemma |5[ , concerns complete Riemannian manifolds 
with infinitely generated fundamental groups. It does not require the Ricci 
curvature condition and makes a special selection of generators and represen- 
tative loops, such that the loops are minimal halfway around. It is stated and 
proven in Section 2. 

The Uniform Cut Lemma, [Lemma 0, gives a uniform estimate on special 
cut points which are the halfway points of noncontractible geodesic loops in 
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a manifold with nonnegative Ricci curvature. The proof applies the Excess 
Theorem of Abresch and Gromoll. It appears in Section 3. 

Section 4 contains the proof of Theorem |l] and Section 5 contains the proof 
and background material for Theorem Both of these sections require the 
results of Sections 1 and 2 but are independant of each other. 

The author would like to thank Professor Cheeger for suggesting that The- 
orem U be strenthened to its current form and for his assistance during the 
revision process. Background material can be found in [Ch] and [GrLaPa]. 

2 The Halfway Lemma 

In this section our manifold, N n , is a complete Riemannian manifold but does 
not have a bound on its Ricci curvature. It may or may not be noncompact. 
Recall that a group is infinitely generated if it does not have a presentation 
with a finite set of generators. If ni(N) is not finitely generated, N n must be 
noncompact. 

Definition 3 If G is a group, we say that {gi-,92-, •••} is a ordered set of 
independant generators of G if each gi can not be expressed as a word in the 
previous generators and their inverses, gi, , ...ft-i, s£L\. 

Definition 4 Given g E 7Ti(iV), we say 7 is a minimal representative geodesic 
loop of g if 7 = 7T o 7, where 7 is minimal from x~q to gxo in N. Note that 
L (l) = d^x^gxo). 

We now state the Halfway Lemma. 

Lemma 5 [Halfway Lemma] Let x$ E N n where N n is a complete Rieman- 
nian manifold with a fundamental group iri(N,xo). Then there exists an or- 
dered set of independant generators {51, 52; 53"-} of ni(N, Xq) with minimal 
representative geodesic loops, 7^, of length dk such that 

div(7fe(0),7fc(dfc/2)) =4/2. (2) 
If 7i 1 (N) is infinitely generated we have a sequence of such generators. 
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Definition 6 Given xq G N, we will call an ordered set of generators of 
tti(N,xq) as constructed in Lemma ||, a set of halfway generators based at xq 
of vri(iV). 

Proof: In order to prove the Halfway Lemma, we need to choose a sequence 
of generators whose representative curves don't have redundant extra looping. 
Let G = 7T 1 (N n ,x ). 

We first define the sequence of generators {gi, g2, 93---}- Define g\ G G such 
that it minimizes distance, 

dfi(x ,gix ) < d^(x , gx ) V# G G. 

Let Gi G G be the elements of G generated by g\,...gi and their inverses. 
So G\ = {e, gi, g^\ g\ , ••.}• Define each g k G G iteratively such that each 
minimizes distance among all elements in G \ Gj~-i, 

dft(x ,gkX~o) < dft(x ,gx ) Mg G G\ G fc -i- 

Note that G\Gk-\ is nonempty for all k when we have an infinitely generated 
fundamental group. 

Thus if there exists h G G with 

djf(x ,hx ) < dfj(x ,g k x ) (3) 

then h G G^-i- 

Let Tfc be a minimal geodesic in N from xq to g k x~o. Let j k (t) = 7r(7fc(f)). 
Then 7^ has no conjugate points on [0, d k ). 

Given a curve C : [0, d] — > iV, let 
C(ti — ► £2) represent the segment of C running from t\ to ti- We allow £2 < *i- 

Suppose that there is a A; G N such that 

d N ( 7k (0), lk (d k /2)) <d k /2. (4) 

Then there exists T < d k /2 such that j k (T) is a cut point of xq = 7(0). 
Thus there exists a geodesic a from jk(T) = <r(0) to xo = cr(T). This geodesic 
segment cannot overlap 7&(T — > d^) because it has a shorter length, T < (4/2. 

Then there exists elements /ii = [<r(0 — > T) o 7^(0 — > T)] G 717 (./V) and 
/12 = [7jfc(T - > dfc) o~(T — > 0)] G 7Ti(A r ). Furthermore, since cr meets 7 at an 
angle, the lift is not a minimal geodesic, so 

d#(xo, hxx~ ) < L(a(0 -> T) o 7fc (0 -» T)) < 2T < d k 
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and 



djf(x , h 2 x ) < L(-i k (T -> d k ) o a(T -> 0)) < T + (d* - T) = d&. 

Thus, by @, h\ and /12 are in Gk-i- So ^ = /12 ° h\ E contradicting our 
choice of E G\ Gk-i- So our assumption in (|j) is false. □ 



3 The Uniform Cut Lemma 

In this section, M n is a complete manifold with nonnegative Ricci curvature 
of dimension, n > 3 . It may or may not be compact. Recall that when n = 2, 
Ricci curvature is just sectional curvature and Theorems [l] and 10 follow from 
[ChrGrll]. 

The Uniform Cut Lemma describes special cut points which are the halfway 
points, j(D/2), of geodesic loops, 7, from a base point, xq. Recall that no 
geodesic from xq through a cut point of xq is minimal after passing through 
that cut point. So if x £ dB X0 (RD) where R> 1/2, then any minimal geodesic 
from x to xq does not hit the cut point ^{D /2). Thus 

d M (x,-y(D/2)) >(R- 1/2)1). 

The Uniform Cut Lemma gives a uniform and scale invariant estimate for this 
inequality. 

Lemma 7 (Uniform Cut Lemma) Let M n be a complete with nonnegative 
Ricci curvature and dimension n > 3. Let 7 be a noncontractible geodesic loop 
based at a point, xq € M n , of length, £(7) = D, such that the following 
conditions hold: 

i) If a based at xq is a loop homotopic to 7 then L(a) > D 

ii) The loop 7 is minimal on [0, D/2] and is also minimal on [D/2,D]. 
Then there is a universal constant S n , defined in (^), such that if x £ dB X0 (RD) 
where R > (1/2 + S n ) then 

d M (x, 7CD/2)) >{R~ l/2)D + 2S n D. 

Note that the minimal representative geodesic loops of the halfway genera- 
tors constructed in the Halfway Lemma satisfy the hypothesis of the Uniform 
Cut Lemma. 



5 



Proof We first prove the lemma for R = (1/2 + S n ). 

Assume on the contrary, that there is a point x G M n such that cIm{x, xq) = 
(1/2 + S n )D and d M (x,j{D/2)) = H < 3S n D. Let C : [0,H] i — > M n be a 
minimal geodesic from j(D/2) to x. 

Let M be the universal cover of M, let xq G M be a lift of a;o, and let 
g G 7Ti(M, xq) be the element represented by the given loop, 7. By the first 
condition on 7, its lift, 7, is a minimal geodesic running from xq to gxo. Thus 

^(^b,3^o) = D. 

We can lift the joined curves, C(0 — > o 7(0 — > D/2), to a curve in the 
universal cover, Co 7, which runs from xo through j(D/2) to a point x G M. 
Note that L(C) = L(C) = i7. 

We can examine the triangle formed by x~o, gx~Q and x using the Excess 
Theorem of Abresch and Gromoll [AbrGrl]. For easy reference we introduce 
their variables ro and r±. 

By our assumption on x, 

r o = d^(x, xq) > d M (x, x Q ) = (1/2 + S n )D. (5) 

Furthermore, 

ri = d^(g k x, x ) > d M (x, x ) = (1/2 + S n )D. 

The excess of x relative to Xq and gx~o satisfies 

e(x) := ro + n- d(x~ ,gx~ ) > 2(1/2 + S n )D — D = 2S n D. (6) 

On the other hand, by the Excess Theorem [AbrGrl, Prop 2.3], we can 
estimate the excess from above in terms of the distance, I, from x to the 
minimal geodesic, 7. In particular for n > 3, Ricci > 0, they have proven that 

/„ _ 1 \ / 1 \ 

e < i)£2 (^)(^ 3 '") < 7 > 

where 

c„nzl(JL. + -L.\ (8) 

n V r o — * f\ — I J 

if / < minjro, n}. 
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We now need to estimate I from above. Suppose that the closest point on 
7 to x occurs at a point 7(^0)- Then 

l = d^(t ),x) < d^(j(D/2),x) 

< L(C) =HD< 3S n D. 

Since S n < 1/20 for n > 3, 

r - I > (1/2 + S n )D - 3S n D > D/4. 

and, similarly, 

n-l> D/4. 

In particular, I < min{ro,ri}. 

Substituting this into the Abresch and Gromoll's estimate (^, ||), we have 

n-n/./n-l\,., ^n\ 1/(n_1) 



Combining this with (^) and cancelling D, we get 

2S n < 2 f 2=1) ( 4 f 2^T) (3S n ) n ) 1/(n_1) . (9) 



,n — 2 J \ \ n 
Cancelling 2 and exponentiating, we have 



,n-i ,1'n-iy- 1 3>-l) cn 



sr 1 =4 — - — ^, 

\n — 2 J n 



n 1 1 /n - 2 X 



and 

S n > 

n-143 n Vn-1, 

This contradicts the definition of S n in (||) and we've proven the theorem for 
R=(l/2 + S n ). 

If R > (1/2 + S„), let x G dB X0 (RD) and let y G 95^ ((1/2 + S n )D) be a 
point on a minimal geodesic from x to j(D/2). Then, by the above case, 

d M (x,j(D/2)) = d M (x,y) + d M (y,l(D/2)) 

> (RD - (1/2 + S n )D) + 3S n D = (R - l/2)D + 2S n D. 

□ 
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4 The Small Linear Diameter Growth Theorem 

In this section we prove Theorem |l[ 

Proof of Theorem |l|: Assume that M n has an infinitely generated funda- 
mental group TTi(M n ,xo). Then by the Halfway Lemma, [Lemma ||, there is 
a sequence of halfway generators, g k , whose minimal representative geodesic 
loops based at xo, 7fc, satisfy the hypothesis of the Uniform Cut Lemma 
[Lemma [jj. Let d k = L(j k ). Note that dk diverges to infinity. 
By the Uniform Cut Lemma, if x k € dB Xo ((l/2 + S n )dk) then 

dM(%k, 7(4/2)) > 3S n d k . 

Thus the point y k € dB XQ ((l/2)dk) on the minimal geodesic from Xk to xq, 
satisfies, 

dM{yk,lk{dk/2)) > d M {xk,lk{dk/1)) - d(x k: y k ) 
> (3S n d k ) — (S n d k ) = 2S n d k . 

This allows us to estimate the diameter growth, 

diam(dB X0 (r) d(y k ,j k (d k /2)) 
hm sup > hm sup 

r^oo V k^oo {dk/2) 

> lim sup 2Sn ^ = 4S n . 

k— >oo ">k/^ 

This contradicts the small linear diameter growth of M n . □ 



5 The Pole Group Theorem 



In this section we state and prove Theorem 10. We begin with some back- 
ground material. 

Given a complete noncompact manifold, M n , with nonnegative Ricci cur- 
vature, we can define tangent cones at infinity by taking any pointed sequence 
of rescalings of the manifold. A subsequence of such a sequence must con- 
verge in the Gromov Hausdorff topology to a pointed length space, (X, xq), 
by Gromov's Compactness Theorem. [GrLaPa] 
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Definition 8 A pointed length space, (X,xq), is called a tangent cone at 
infinity of M if there exists a point p G M and a sequence of positive real 
numbers diverging to infinity such that for all R > 0, 

d GH ((B R (x ) G -X>o,d;0,(-Bfl(p) G M,p,d M /r k )) -> 0, 

as — > oo. Here g?m is the length space distance function on M induced by 
the Riemannian metric $m and doH is the Gromov-Hausdorff distance. 

Note that (X,xq) need not be unique. See [Per] and [ChCo, 8.37]. Further- 
more, (X, xq) need not be a metric cone unless the manifold has Euclidean 
volume growth [ChCo]. 

Definition 9 [ChCo, sect 4] A length space, X, has a pole at a point x G X if 
for all y not equal to x there exists a curve 7 : [0, 00) — > X such that 7(0) = x, 
dx(l(t), 7(s)) = [s — i| for all s, t > 0, and 7(<i(x, y)) = y. 

There is no known example of a manifold with nonnegative Ricci curvature 
with a tangent cone at infinity which does not have a pole at its base point 
[ChCo]. In order to find an example of such a manifold, intuitively one would 
need to construct a sequence of cut points on the manifold which remain 
uniformly cut even after rescaling. By Lemmas || and 0, such cut points exist 
if the manifold has an infinitely generated fundamental group. This is the 
intuition behind Theorem [l(] and Theorem [l]. 

Theorem 10 [Pole Group Theorem] If a complete noncompact manifold, M n , 
with nonnegative Ricci curvature has a fundamental group which is not finitely 
generated, then it has a tangent cone at infinity, (Y,yo), which does not have 
a pole at its base point. 

In fact, if(Z,zo) is a length space with 

d GH ((B Zo {l),z ,d z ),(B yo {l),yo,d Y )) < S n /4. (10) 

where S n was defined in ^), then Z does not have a pole at zq. 

Proof: 

First we choose a special sequence of rescalings of M n and a corresponding 
tangent cone at infinity. Let xq be any base point in M. By the Halfway 
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Lemma, there is a sequence of halfway generators, g k , of lengths, d k , corre- 
sponding to a base point xq. Take a subsequence of this sequence such that 
M k = (M n , xq, (1m/ dk) converges to a tangent cone Y = (Y, yo, dy)- [GrLaPa] 
By the Halfway Lemma and the Uniform Cut Lemma, we know that for all 
kN, for all r > 1/2 + S n and for all x G dB XQ {rd k ) then 

d M (x,j k (d k /2)) > (r-\/2 + 2S n )d k . (11) 

We want to find a "cut point" in Y and in Z. By Definition [8|, taking R = 1 
there exists iV E N such that for all k > iV , 

d Gj ff((^ (l) c y,yo,dy),(^ (l) C M k ,x ,d Mk )) < 5„/12. 

Thus, by (|To|), for all k > N, the length space Z satisfies 

dGff((B^(l) C Z,z ,^),(^o(l) C M k ,x ,d Mk )) <e n = S n /3. (12) 

So there is a map i**. : I? xo (l) C Mj, i — > -B Zo (l) C Z, with F^(xo) = zq that is 
e n almost distance preserving, 

\d Mk (xi,x 2 ) - d z (F k (xi),F k (x 2 ))\ < e n \/xi,x 2 eX, (13) 

and £ n almost onto. 

VzeBjlJcZ, 3x z G -Ba;o(l) C Mfc s.i. dz(F k (x z ),x) < e n . (14) 

The map can also be thought of as a map defined on B xo (d k ) € M n . 
Note that maps the halfway points, j k (d k /2), into an annulus, 

F k { lk {d k /2)) C ^nn zo (l/2 - e n , 1/2 + e n ). 

Thus there is subsequence of the F k (^ k {d k /2)) that converges to a point 

zi G C7(Ann, (l/2 - e n , 1/2 + e„)). (15) 

In particular, we can choose a k > N such that 

dz(F fe ( 7fc (4/2)),2i) <e n . (16) 

We will show that this Z\ is our "cut point". To find the cut point in Y, just 
set Z = Y. 
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We claim that z\ has no ray based at zq passing through it. Suppose, on 
the contrary, that it does. Then there is a curve, C : [0, 1) i — ► Z such that 
c(0) = 0, c(h) = z\ and dy (c(t) , c(s)) = [s — t| Vt, s G [0, 1). 

Let z 2 = (7(1/2 + ft) where ft G [35„, 1/2). By (jl|), ^ > 1/2 - e n , so 

<fefe> zi) = (1/2 + ft) - h < (1/2 + ft) - (1/2 - e n ) = ft + e n . (17) 

By fll4|) , there exist X2 G H^l) C which is mapped almost onto Z2, 

dz(F k (x 2 ),z 2 ) < e n . (18) 

By fll3|) , the triangle inequality and (|i~8l), we know that 

dM^o,^) = d Mk (x ,x 2 )d k > (dz(F k (xo),Fk(x 2 )) - e n )d k 

> {d z (z ,z 2 ) - d z (z 2 ,F k (x 2 )) - e n )d k > ((1/2 + ft) - 2e n )d k . 

Recall that ft > 3S n and e n = S n /3, so x 2 G dB XQ (rd k ) with r > 1/2 + S n . 
Thus by the uniform cut property, (|TT|) , 

diVf(x2,7fe(4/2)) > (r - 1/2 + 25 n )4 > (ft - 2e n + 25 n )4- (19) 

However, F k is e n almost distance preserving, (|l3|). So applying the triangle 
inequality, (ffgl), (O), and (|i~6|), we have 

dM{x 2 ,j k (d k /2)) = d Mk (x 2 ,j k (d k /2))d k 

< (d z (F k (x 2 ), F fc ( 7fc (4/2))) + e n )4 

< (cte(Ffc(x 2 ), ^2) + dz(^2, 21) + d z (zi,F k (j k (d k /2))) + e n )d fc 

< (e n + (ft + e n ) +e n + e„)4- 

Combining this equation with ([l9|) , we get 

(ft + e„ + 3e n )d& > (ft - 2e n + 2S n )d k . 
So e n > S n /3, contradicting (|l~2"l). □ 
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